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Abstract 



We study in some detail the properties of a previously proposed new class of string and brane models 
whose world-sheet (world- volume) actions are built with a modified reparametrization-invariant measure 
of integration and which do not contain any ad hoc dimensionfull parameters. The ratio of the new 
and the standard Riemannian integration measure densities plays the role of a dynamically generated 
string/brane tension. The latter is identified as (the magnitude of) an effective (non-Abelian) electric 
field-strength on the world-sheet/world- volume obeying the standard Gauss-law constraint. As a result 
a simple classical mechanism for confinement via modified-measure "color" strings is proposed where the 
colorlessness of the "hadrons" is an automatic consequence of the new string dynamics. 

1. Introduction: Main Ideas and Features of the Theory 

One of the characteristic features of string and brane theories jy is the introduction ad hoc from the very 
beginning of a dimensionfull scale - the so called string (brane) tension. On the other hand, a lot of attention 
has been given to the idea that any fundamental theory of Nature should not contain any ad hoc fundamental 
scales and that these scales should rather appear as a result of dynamical generation, e.g., through boundary 
conditions on the classical level, spontaneous symmetry breaking and/or dimensional transmutation on the 
quantum level (see, for instance, ref.Q about spontaneous generation of Newton's gravitational constant). 

In the context of string and brane theories, the above idea has been first explored in refs.||. In this 
Section we will briefly review, with some additional new accents, the main properties of the modified string 
and brane theories of |j| in order to prepare the ground for revealing of new interesting structures inherent of 
these theories. To this end let us first recall the standard Polyakov-type action for the bosonic string which 



Here (<7°, a 1 ) = (r, er); a, b = 0, 1; fi, v = 0, 1, . . . , D — 1; denotes the external space-time metric; 7 a b is 
the metric defined on the 1 + 1-dimcnsional world-sheet of the string and 7 = det 1 1 -/o-fo 1 1 - T indicates the 
string tension - a dimensionfull quantity introduced ad hoc into the theory which defines a scale. 

Now following refs.||, instead of the standard measure of integration d 2 o~ we want to consider a 

new reparametrization invariant measure on the string world-sheet whose density $ is independent of the 
Riemannian metric j a b. This approach of considering an alternative integration measure has been studied in 
the context of D = 4 gravitational theory, in particular, in relation with the cosmological constant problem 
|^| (and references therein), as well as the fermion families and long-range force problems ||. 

Indeed, if we introduce two auxiliary scalar fields (scalars both from the point of view of the 1 + 1- 
dimensional world-sheet of the string, as well as from the point of view of the embedding Z?-dimensional 
universe) (p l (i — 1,2), we can construct the following world-sheet measure density: 



reads Q: 




(1) 



EijE^da^dbip 3 = e lJ (p l d a Lp : > 



(2) 



It is interesting to notice that d 2 a = d^d^ 2 , that is the measure of integration d 2 a$> corresponds to 
integrating in the target space of the auxiliary scalar fields ip % (i = 1,2). 

We proceed now with the construction of a new string action that employs the integration measure 
d 2 a& (|^) instead of the usual d 2 a 7. When considering the types of actions we can have under these 
circumstances, the first one that comes to mind is the straightforward generalization of the Polyakov-type 
action (Q) : 

S ^=-\J <PtT*(<pyf b d a X' 1 d b X v G ltv (X) (3) 

Notice that multiplying Si by a constant, before boundary or initial conditions arc specified, is a meaningless 
operation since such a constant can be absorbed in a redefinition of the measure fields tp l (i — 1, 2) that 
appear in 

The form (||) is, however, not a satisfactory choice for a string action because the variation of Si with 
respect to 7 ab leads to the rather strong condition: 

$(<p)d a X»d b X»G^(X) = (4) 

If <E> ^ 0, it means that d a X^ d b X v G ^(X) = 0, i.e., it means that the metric induced on the string world- 
sheet vanishes which is clearly not an acceptable dynamics. Alternatively, if <I> — 0, no further information 
is available - also an undesirable situation. 

The situation may be improved by introducing external antisymmetric tensor gauge field B^ V {X). Then, 
instead of (||), we have to consider the action: 

S 2 = - J d 2 a [^ ab d a X»d h X»G^(X) + ^=d a X' t d b X v B IH ,(X)\ (5) 

where e 01 = — e 10 = 1 and e 00 = e 11 = 0. Varying (||) with respect to j ab , we get (if $ 7^ 0) : 

d a X»d b X v G^ + j ab -^=d c X»d d X u B fiI/ = (6) 
4y— 7 

Contracting the latter equation with r y ah we see that: 



Inserting relation (|t]) into Eq.(j|) we obtain 



d c X»d d X v B lia , = -^daX^dbX^G^ (7) 



d a xi i d b x v G lu , - )p abl cd d c x»d d x»G^ = 



(8) 



which coincides with the form of the string equations of motion corresponding to the Polyakov-type action 
(|l|) when the external antisymmetric tensor gauge field B^ is absent. 

To make further progress and at the same time to show that one can avoid the need of incorporation of 
an external field, it is important to notice that terms in the action of the form: 

S = J d 2 o^tL (9) 

which do not contribute to the equations of motion of the standard closed string, i.e., such that y'— 7L is a 
total derivative, may yield non-trivial contributions when we consider the counter-parts of of the form: 

S = J d 2 a<P{<p)L (10) 

This is so because if ^—7 L is a total divergence, in general is not. 
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The above fact is indeed crucial. For example, let us consider the modified-measure string theory with 
an additional intrinsic 1 + 1-dimcnsional scalar curvature term: 



S c 



J d 2 a<P{tp)R (11) 



We will use the following notations: 7 ab = e^e b j i] ab ; the scalar curvature of the spin conection is R(u>, e) 



which now is not a topological term in contrast to J d 2 o y/— 7 R in the ordinary string theory with the regular 
world-sheet integration measure. According to refs.||, where modified-measure gravity theories in higher 
dimensions D > 2 have been explored, we know that in order to achieve physically interesting results one 
has to proceed in the first order formalism - employing either the afhne connection or the spin connection. 
In the present paper we will restrict ourselves by exploring the spin connection formalism only. This means 
that the independent dynamical degrees of freedom are: zweibein spin connection u}^ b , (a = 0, 1 are 
tangent "Lorentz" indexes) and the auxiliary scalar fields ip l entering the new integration measure density 

ill use the following notations: j aD = e?Cg, 
e a ~ a e bi R- abab (uj) where: 

Rf h {u>) = d a u>t + wfu)\- c - (a <- 6) (12) 

Notice now that in D = 2 : 

Lof = u a f al (13) 
where uj a is a vector field. Therefore, we get for scalar curvature: 

R(iu) = (d a tu b - d b LU a ) (14) 

We conclude that the vector field u> a) as a geometrical object associated with the spin-connection, can be 
treated as an abelian gauge field A a living on the world-sheet. 

Thus, let us consider an abelian gauge field A a defined on the world-sheet of the string, in addition 
to the measure-density fields tp % that appear in <f>((f) (||), the usual Riemannian metric "fab and the string 
coordinates X^. We can then construct the following non-trivial contribution to the action of the form: 

S gauge = lJ d 2 a^ip)-j=F ab {A) , F ab = d a A b - d b A a (15) 

Therefore, the total action to be considered now is "Spring = 5*2 + S gaU ge reading explicitly: 

String = -J d2(J ^ [p ab d a X»d b X v G lu , + ^L= (d a X»d b X v - F afc (A))] = - J d 2 a S(p)L (16) 

The properties of this model and some of its generalizations will be studied in the following sections. 

The action (|l^) is invariant under a set of diffeomorphisms in the target space of the measure-density 
fields ip l combined with a conformal (Weyl) transformation of the metric 7 a h, namely : 



where J = det 



dip' ' 



dip' 



Lp l — > (p ri = (p n ((p) so that $ — > $' = J$ (17) 
is the Jacobian of the transformation (|l7j), and: 

lab >l'ab = Jlab (18) 

In what follows we will refer to the set of transformations (|l7|)-(|l8|) as $- extended two-dimensional Weyl 
transformations and, accordingly, to the action (M) as being <I>-extended Weyl-invariant. Notice also that 
the spin-curvature term (Eq.(^Tj) with R as in (|l4j)) is also ^-extended Weyl-invariant (^-extended Weyl 
transformations do not affect the spin connection). 

The combination ^_ F ab is a genuine scalar. In two dimensions it is proportional to yj F ab F ab . In 
the non- Abelian case one can consider terms in the action of the form $ y / Tr(F ab F ab ), the latter being 
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^-extended Weyl-invariant object (^jTr(F ab F ab ) is also a genuine scalar). This model will be studied in 
Sec. 5 below. 

To demonstrate some general features of the theory, we will first follow the Lagrangian formalism for 
solution of the modified-measure string model ( |l6| ) explored in refs.||. Variation of the action ( fl6| ) with 
respect to ip l yields the equations (here we set B^ v = for simplicity) : 



e ab d bVl d a ^d^d^G^X) - -^Fcd) = (19) 

If det ||e ab 9biy9i|| ^ meaning $(</>) ^ 0, then we conclude that all the derivatives of the quantity inside 
the parenthesis in Eq. (|l9|) must vanish, i.e., such quantity must equal certain constant M which will be 
determined later on: ^ 

^dcX^ddX^G^iX)- -j=F cd = M (20) 

The equations of motion of the gauge field A a tell us about how the string tension appears as an integration 
constant. Indeed, these equations are: 

e ^ fc (ig)) = (21) 



"7 

which can be integrated to yield a spontaneously induced string tension: 



"7 



const = T (22) 



Notice that Eq.(|22j) is perfectly consistent with the <&- extended Weyl symmetry (|17|)-([18|). Eq. (|20|) on 
the other hand is consistent with the ^-extended Weyl symmetry only if M = 0. We will see in the next 
paragraph that the equations of motion indeed imply that M = 0. In the case of higher-dimensional p-branes, 
unlike the string case, the corresponding equations of motion will require a non-vanishing constant value of 
M (cf. Eq.@ below). 

Let us turn our attention to the equations of motion derived from the variation of ( |l6| ) with respect to 

<P^)(d a X»d b X»G^(X) - ^ lab J^=F cd ) = (23) 
Solving the constraint Eq.(^0|) for -^=F c d and inserting the result back into ( |23| ) we obtain (provided 

(d a X»d b X v - ^ labl cd d c X»d d X^G^(X) + ~ 7ab M - (24) 

Multiplying the above equation by r y ah and summing over a, 6, we find that M — 0, i.e., Eqs.(|24|) with M = 
are exactly of the form of Eqs.(||) coming from the standard Polyakov-type actio n <fi\ ) (recall also that it is 
only M = which is consistent with the ^-extended Weyl invariance). After Eq.(|22|) is used, the equations 
obtained from the variation of the action (|l6|) with respect to X^ are seen to be exactly the same as those 
obtained from the usual Polyakov-type action as well. 

2. Bosonic Strings with a Modified Measure: Canonical Approach 

It is instructive to study the modified-measure string model (^) also within the framework of the canon- 
ical Hamiltonian formalism. 

Before proceeding let us note that we can extend the model (^) by putting point-like charges on the 
string world-sheet which interact with the world-sheet gauge field A a : 

S = SWing - ^ e% j dTA -o(T, Oi) (25) 



For the canonical momenta of <p l , A\, X 1 * we obtain (using the short-hand notation L from ( |16| 

Ti? = -e i jd <r <p'L , n Al =E=-j^L (26) 
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Vy. = $ 



"7 



-d a X v B„ v 



(27) 



Note particularly the second Eq.(|26|) showing that the ratio of the modified and the usual Riemannian 
integration-measure densities has the physical meaning of an electric field- strength on the world-sheet]^] 
We have also the following primary constraints: 



KA = 



TT 1 ab = 







(28) 



where the last constraint follows directly from the first Eq.fl2q). From (|26|)-(|27|) we can express the velocities 
in terms of the canonical coordinates and momenta as follows: 



*"(••.) = - 



7>, 



(29) 



A 1 =i 1 (...) = S«rA) 



9(7 ^1 



■X%..)d tr X v B lu/ 



+V=l(^7°°X»(. . )X V {. . .) + 7 01 i^(. . + ^deX^dvX^G,,, 



(30) 



In Eq. (|30|) we used the short-hand notation X^(. . .) defined in (29). Since the original Lagrangian C in 
( |l6| ) is homogeneous of first order with respect to ip l we have 7rf <p l — C = and, therefore, the canonical 
Hamiltonian reads: 



H = V fl X»(...)+EAi(...) 



1 



1 



7\ + Ed a X^ B p 



Vu + Ed a X v B vv , ) + EG^dvX^dvX" 
^ e 4 <5(cr - (Tj) 



•-^P^A"" + Ed a A - E^-±- 
7° 9 CT y>i 



(31) 



where we used the expressions for the velocities as functions of the canonical coordinates and momenta (|29| ) 
( |30| ) and we also included the point-like charge interaction terms from (p5|). Commuting of the canonical 
Hamiltonian (pi]) with the primary constraints (Eq) leads to the following secondary constraints: 



, daE-y^ y eiS(a-ai 







G^ v 
~E~ 



Ed a X v B vu , + EG^X^d^X" = 



P^X" = (7^ + Ed a X v B^) d a X» = 



(32) 

(33) 
(34) 



In particular, we obtain that the canonical Hamiltonian is a linear combination of constraints only. 

The Poisson algebra of the constraints can straightforwardly be computed. First, we observe that the 
last constraint in J2g|) span (centerless) Virasoro algebra: 



{ d^irfia) , Wtt|V) } = 2d a <p i nf(a)d (r 6(a - a') + d a (d^irf) 8 (a - a') (35) 
The only nontrivial commutator of the latter with the rest of the constraints is: 



{ 9^\» , } = -dj^-)s(a a') 



(36) 



1 In analogy with ordinary electrodynamics/ Yang-Mills theory the canonically conjugated momentum tta 1 = E of the space- 
like gauge-field component Ai is by definition the electric field- strength. However, unlike the ordinary case E is now not 
proportional to Fqi(A); see also Sect. 5 for the non-Abelian case. 
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Therefore, both constraints d a (p' l irf and span a closed algebra of first-class constraints, which implies 
that all auxiliary scalars tp l entering the modified measure (|^) are pure-gauge degrees of freedom. 

Next, we observe that the second constraint in ( |32| ) is nothing but Gauss-law first-class constraint for 
the world-sheet Abelian gauge field, with E being the corresponding electric field-strength. Obviously, E 
is piece-wise constant (with respect to a) on the world-sheet with jumps at the locations of the point-like 
charges: 

E = E + J2eiO(a-ai) (37) 

i 

Moreover, since the canonical Hamiltonian (|3l| ) does not depend explicitly on A\ , E is conserved (world-sheet 
time-independent). 

Finally, the constraints (j33|)-(|34|), or more properly, the linear combinations thereof: 



T± = \G» V (%L ± (Gfj,n ± B^)d a X K ) ± (Gvx ± B, yX )d a X x ) (38) 

span the same first-class constraint algebra of two mutually commuting centerless Virasoro algebras as in the 
case of ordinary Polyakov-type string (in the standard case H fllJ \(B) = SO^B^x] = 0) provided we identify 
the constant world-sheet electric field E with the ordinary string tension T. 

To summarize so far, we find that the modified-measure string model ( |l6| ) (or (|25|)), containing no ad 
hoc dimcnsionfull parameters, produces a dynamically generated effective string tension, which is equal to 
the ratio of the modified and usual Riemannian integration-measure densities, and which has the physical 
meaning of a world-sheet electric field strength. As a result the dynamical string tension is (piece-wise) 
constant along the string with possible jumps at the locations of attached point-like charges (see Sect. 5. 3 for 
explicit examples). 

3. Bosonic Branes with a Modified Measure 

The action of bosonic p-branes with a modified world- volume integration measure reads (cf. 0): 



]p ab d a x»d b x»G^ 



n> _ , ^ {d ai X^ . . .d ap+1 X^B^ p+1 - F ai ... ap+1 (A))} ^ - J d? +1 a$(ip)L (39) 



a\ ...a p +i 



= j-^e h ... ip+1 e a ^- a ^d ai ^ . ..8 ap+ y^ = l £ . in ... Jp e a ^^d ai ^ . ..d a y* (40) 
Here the following notations are used: 

a=(a a ) = (a°=r,a a ) = (r,a) ; F ai ... ap+1 (A) = (p+ 1)^^...^] (41) 

where a, b = 0, 1, . . . ,p; a, (3 = 1, . . . ,p; i,j = 1, . . . ,p + 1; n, v = 0, 1, . . . , D - 1; and B Ml ... Mp+1 denote 
space-time metric and antisymmetric p + 1-rank tensor external fields, respectively. Also, it is convenient 
within the Hamiltonian formalism to introduce the following notations: 

e ai - a 'F 0ai ... ap (A) =A- d a A% (42) 

with: 

A = e a i- a -A ai ... ap , A% = £ a/3l -^- 1 A 0/3l ...^_ 1 (43) 

In analogy with the string case we can put (closed) (p — l)-branes on the world-volume of the modified- 
measure p-brane ([39]) coupled to the latter via the auxiliary world-volume p-form gauge field A ai ... ap giving 
rise to the following additional term in the action ( |39| ) : 

S <Sp— branc 5'(p_x)_| : , rano 



6 



'(p— 1) — brane 



da"?- 1 



(p-l)\ 



-aai ...a p _i 



(P-1)I 



,mi...m p -i 



<9u m i ' ' ' du m p- 



-5^{a-a t {u)) (44) 



Here u = (u° — t, u m ) = (r, u) with m = 1, . . . ,p — 1 are the world- volume parameters of the pertinent 
(p — l)-branes embedded in the world- volume of the original p-brane via the parameter equations a = o_i(u) 
(and we have chosen the static gauge a = r = u° for all of them)^|. Also, in the second equality ( f44| ) we 
have used the notations from (filf). 

The Lagrangian formalism analysis of the modified-measure p-brane model (without attached lower- 
dimensional branes) (|3^) has been performed i n fjf . It parallels the analysis of the modified-measure string 
model (cf. Sect.l) where the analogues of Eqs.(pcf)-(p3|) now read (taking for simplicity -B Ml ... Mp+1 = 0) : 



\l ah d a X»d h X»G^ - ^^=F ai ... ap+1 (A) = M 



d a x»d b x v G„ v - 



= 

lab 



const = T 
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--e ai - a * +1 F ai ... ap+1 (A) = 



(45) 

(46) 
(47) 



(p + l)V-7 

In Eq. ( [45| ) M denotes arbitrary integration constant which enters the relation between the intrinsic and the 
induced metrics on the p-brane world- volume which follows from ( 45 ) and ([47j) : 



Tab 



P-1 

2M 



d a x»d h x v Gu, v 



Also we have: 



d a Xf l d b X v G llv 



J^Y d dcX^d cX »G^ = Q 
p+1 



(48) 



(49) 



The arbitrariness of M is due to the manifest invariance of the modified-measure p-brane action ( p9| ) 
under the following global scale symmetry H : 



<P 



lab 



{[\\^)lab , A 



([[X^ 1 A ai ... ap 



(50) 



which can be used to fix the value of M, e.g., M = \{p — 1). Note that the "boundary" term ( [i"4"| ) is not 

invariant under the scale symmetry (|50|), unless we simultaneously rescale the "charge" coupling constants 

ei. Moreover, unlike the string case there is no analogue of the <&-extended Weyl symmetry (^7|)-((l^) for 

the modified-measure p-brane model (B9h . The reason is due to the fact that for p > 2 the standard measure 

p+i 

density \f-~i transforms differently y/—y — ► ( J{f)) 2 V — 7 than the modified measure density $(</?) ( |l7| ) 
(cf. refs.g). 

The canonical Hamiltonian treatment of the p-brane model ( |39| ) with attached (p— l)-branes on its world- 
volume similarly follows the same steps as the canonical treament of the modified-measure string model in 
the previous Section. For the canonical momenta of ip l , A, X^ we have (using the short-hand notation L 
from pi)) : 



^d^ip 31 ...d ap ip>"L , n A = £ 



V» = §(<p) - (i 00 X» + i 0a d a X v ) G M „ 



Also, similarly to (pq) we have the following primary constraints: 



-d ai X^...d a X v "B t 



av\...v v 



TT^ab = 



8 a <p % irf = 



(51) 
(52) 

(53) 



2 In what follows we assume that the (p — l)-branes do not intersect each other on the original p-brane world-volume. 
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where the last Virasoro-like constraints follow directly from the first Eq.fl51|). 

At this point it is convenient to reexpress the world- volume Riemannian metric "f a b in terms of its purely 
space-like part 7 Qj a and the associated shift vector N a and lapse function N (see e.g. ||) : 

7oo = ~N 2 j + %pN a NP , 70q = %pN?> , %p = 7 Q/J (54) 

where 7 = det || 7a /3||- In particular, y/— 7 = Nj. 

Using Eqs.(pl|)-(|52|) and the notations (Q) we find the following canonical Hamiltonian (cf. Eq.(|3l|)) : 



N a Vf,d a X^ + £d a Ao + ( (p - 1) - brane terms ) (55) 



AT , f^p.v _ _ . 



with the short-hand notations: 

= V» + £e ai - a "d ai X^ . . . d^X^B^...^ 

P+l CO 



F(n*,dip) = ^ : 5 (56) 



i=2 



and where the last terms in (55) come from (|44| ). 

Commuting the canonical Hamiltonian ( |55| ) with the primary constraints ( |5^ ) (where upon using the 
notations ( [54] ) we have ttn = , ir^a = , 7r^a^ = instead of ir^ab — 0) we obtain a set of secondary 
constraints. Using the Poisson-bracket relation: 

{d a ^f{a),F{^,d 9 ){a'))=-5{ff-a')d a F{^,d V ){5) (57) 

we get the following secondary constraint: 

d a F(7r v ,dtp) = — > F(ir v ,d<p) = -2M = const (58) 

where M is arbitrary constant (it is the Hamiltonian counterpart of the arbitrary integration constant M 
appearing within the Lagrangian treatment, cf. Eq.([45|)). Once again, as in the string case, we find that the 
Virasoro-like constraints d a ip l irf together with F^^, dip) + 2M = (the latter being defined in (|56|)) form 
a closed algebra of first class constraints implying that the auxiliary scalar fields <p % are pure-gauge degrees 
of freedom. 

Next, commuting ( |55| ) with ttjc, yields: 

r'« 7 -e aai a l7 -s mi - m "- 1 ^—...^ 5^(a-ai(u)) =0 (59) 

(p- 1)! '" (p- 1)! <9u" l i <9u m p-i v »w; v ; 



which is the p-brane analog of the "Gauss" law constraint in the string case (second Eq.(|32|)). Further, 
since the canonical Hamiltonian ( [55]) does not depend explicitly on A ( ^3|) (canonically conjugate to £ ), the 
p-brane "electric" field strength £ is conserved (world-volume time-independent) and as long as it obeys 
the generalized "Gauss law" on the world- volume Eq.(|59|), £ is also world- volume piece-wise constant field 
with jumps along the normals equal to the "charge" e, when crossing the world-hypersurface of the i-th 
(jo — l)-brane. 

The rest of the secondary constraints reads: 

— ?W + £rf^G ia> d a X' l dpX v -4Mj£ = (60) 
~ 2M 

V li d a X» = Q , d a X»df 3 X u G^-—^%p = Q (61) 

We now observe that for the special choice M = |(p — 1), and provided we identify the "electric" field 
strength £ as a dynamical brane tension T, the constraints (J60|)-(|6l|) coincide with the secondary constraints 
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within the Hamiltonian treatment of the usual Polyakov-like p-brane (the latter together with the primary 
constraints form a mixture of first-class and second-class constraints). 

Thus, we conclude that the modified-measure p-brane model ( |39"| ) possesses, apart from the same brane 
degrees of freedom as the standard Polyakov-like p-brane, an additional brane degree of freedom £ - an 
world-volume "electric" field strength, which can be identified as a dynamical brane tension and which, 
according to Eq.(p9|), may be variable in general. 

4. Superstrings with a Modified Measure 

We consider the following Green-Schwarz-type of superstring action with a modified world-sheet integra- 
tion measure: 



ah 



1 



F ab (A)\ = - / d 2 a$(ip)L (62) 



-. ^ '2 

with the same notations as in (|T^) and (^) (for simplicity we take now = r/^, B^ v = 0) and where: 

W a = d a X» + i6a»dj (63) 

Here 8 = (8 a ) (a — 1, . . . , 16) denotes 16-dimensional Majorana-Weyl spinor in the embedding D = 10 
space-time, whereas a* 1 = ((<J tJ, ) a p) indicate the upper diagonal 16 x 16 blocks of the 32 x 32 matrices C V 11 
with and C beying the D = 10 Dirac and charge-conjugation matrices, respectively. 

The Lagrangian in (|62| ) is explicitly invariant under space-time supersymmetry transformations: 



5 e X» = -i(eo»0) , S e A a = i{ea ll B) ( d a X" + -8a»d a 8 



(64) 



In particular, the algebra of supersymmetry transformations ( |64| ) closes on A a up to a gauge transformation: 
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{S ei , S e2 } A a = d a (- - (e^e) (e 2 a^8) ) 



(65) 



Let us note that the action (62) bears resemblance to the modified Green-Schwarz superstring action 
proposed by Siegel Q provided we replace the modified integration measure density $(y) with the ordinary 
one y/— 7 and provided we redefine the auxiliary gauge field A a as fermionic bilinear composite A a = 
—iQa_d a <i> a (cf. second ref. ||) with cf) indicating Siegel's auxiliary fermionic world-sheet field which is a space- 
time spinor similar to 8. However, let us emphasize that our present approach to the modified-measure 
superstring model (|6^) is consistently based on a fundamental (non-composite) gauge field A a . 

For the canonical momenta of ip\ A\, X^,8 we have (using the short-hand notation L from ( |62| ) and 
(pi)) : 



-Eijd a ^L 



TT Al = E = 



-(7 00 n ,-7 01 n lM ) 



(8(7^') 



V e = Hf>) -(7 00 n 0/ 



7 01 n lAl )- 



--X' 



"7 



(66) 
(67) 
(68) 



where the prime now indicates the derivative d a . From (| 
we obtain the fermionic primary constraint: 



iD = V e - \V„ - EU lt „j %W = 
Therefore, we have the following set of primary constraints: 

ir Ao = , tt ^ = , cWVf = i 



8j) and taking into account the second Eq. (|66|) 



(69) 



V = 



(70) 
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Now, for the velocities as functions of the canonical coordinate and momenta we get: 

1 / —V* 



+ i9 



-77 



on 



E 



+ i9a^9' - 



V 1 

— n M 

7 oo n i 



(71) 



In Eq.(|7 
H 



A 1 -iIl^(9aJ)=A 1 (...) = d a A 



/=^(i 7 °X(. . .)n 0M (. . .) + 7 01 n£(. . .)n lm + ^"^n,™) - i^^ngo . .) (72) 

/e used the short-hand notation IIq(. . .) defined in (]7l|) ■ The canonical Hamiltonian reads: 
V^{. . .) + V g 9(. ■ ■) + EA t (. . .) + ik a V a = V^(. . .) + EAi(. ..) + iV (0(. . .) - a) (73) 



Here (...) indicate that all velocities as considered as functions of the canonical coordinate and momenta 
according to ([Fl|)-(f72"|); T> is the fermionic primary constraint ( |69| ) and A is the corresponding fermionic 
Lagrange multiplier which is determined from the requirement of the preservation of the constraint T> under 
the Hamiltonian dynamics by (173). Inserting in (O) the expressions (|7l|)-(|72|) we obtain: 



H = — 



1 



l r l 



-7700 2 



E 



(V - iE(e<T»9')) (V„ - iE(9a^9')) + MI^IIi, 



_ (|Q (V„ - iE{9a fJ ,9')) K + *A2? + EdaAo - EV^Jj 2 ^ 



(74) 



Commuting of the canonical Hamiltonian ( f74| ) with the primary constraints ( |70| ) leads to the following 
secondary constraints: 

(75) 







d a E = 



(* 



Gauss law" 



V 
E 



E(X' - 2i9a9') 



i9'V = 



-(--EX')' 
4\E J 



(76) 



Therefore, as in the purely bosonic case we conclude that the canonical Hamiltonian is a linear combination 
of constraints only. 

As in the bosonic case, the constraints involving the auxiliary scalar fields cp 1 span the same Poisson- 
bracket algebra ([35])- (36) and, therefore, the auxiliary scalars are again pure-gauge degrees of freedom. 
The rest of the constraint algebra is the same as in the case of the standard Green-Schwarz formulation^] 
provided (in full analogy with the purely bosonic case) we identify the world-sheet "electric" field strength 
E as dynamically generated string tension T. 

5. Strings with "^-Extended Weyl Invariant" Action for Non-Abelian World- 
Sheet Gauge Field 



5.1 The Regular-Measure Version of the Theory 

As it is well known, in four space-time dimensions the standard gauge field action cc J y/—gd 4 xTr(F fM ^F fJ,L/ ) 
is invariant under transformations g^ v — + fl 2 (x)g f _ iu , i.e., it is conformally invariant. In D = 2, the appropriate 
conformally invariant action, provided we use the standard measure \/— 7, would be: 



d 2 a 



"7 



•~Tr(F a &(A)Fcd(A))7» 7 M 



<Pa y/Tr(F 01 {A)F 01 (A)) 



(77) 



3 Let us recall that the fermionic spinor constraint T> J6s| ) contains a Lorentz non-covariant mixture of first-class ("kappa"- 
symmetry) and second-class constraints. To solve the problem of super-Poincare covariant quantization of the standard Green- 
Schwarz superstring a new reformulation of the latter has been proposed in refs. [fLOj] involving a special set ofauxiliary bosonic 
pure-gauge world-sheet scalar fields ("harmonic" variables). For recent developments on this subject, see [111] and references 
therein. 
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where: 

F ab {A) = d a A b -d b A c + i[A ai A b ] (78) 

is a non-Abelian world-sheet gauge field-strength and we have used F ab (A) = e ab F i(A). As we sec, the 
action ( |77| ) is not only independent of the conformal factor in the metric, but also it is totally metric 
independent, i.e., the D = 2 "square-root Yang-Mills" model ([77]) is topological in the same sense as, e.g., 
the D = 3 Chern-Simmons model. Due to this fact the string and gauge degrees of freedom turn out to be 
decoupled. 

To see that such theory does not lead to a well defined dynamics and instead a modified-measure version 
of (|7^) is necessary, we consider first the equations of motion that result from (f77|). Variation with respect 
to gauge fields A a yields: 



or, equivalently: 



VTr-(FoiFoi) 

Tr(F 01 V aJ F i 











(79) 
(80) 



Tr(F 01 F 01 

which in turn are equivalent to the equations: 

V a F 01 =S a /F 01 (81) 
with / = f(r, a) being an arbitrary colorless world-sheet scalar field. The general solution of (|8l]) reads: 

Fqi = (TV^MoG (82) 



A Q = G- 1 (-M J da'ef^'^G-iG^drG , A 1 = -iG^d^G 



(83) 



where G is arbitrary (r, <r)-dependent element of the gauge group (reflecting the gauge freedom) whereas 
A4q is arbitrary constant element of the corresponding Lie algebra. 

Thus, we see that in the D = 2 "square-root Yang-Mills" action ( |77|) there is an additional freedom in 
equations of motion (beyond the usual non-Abelian gauge symmetry) which is manifested in the appearance 
of the arbitrary (not determined by the dynamics) world-sheet scalar field /(r, a) in (|8l|) - (|83|) . 

This can be equivalently understood from the canonical Hamiltonian point of view. Namely, one can show 
that the canonical Hamiltonian of the D = 2 "square-root Yang-Mills" model (|77| ) is a linear combination of 
first-class constraints only in contrast to the ordinary Yang-Mills case: 



where tta and E 



H = Tr[£ [daAo + i 



Ai , Ao 



(84) 



are the canonical momenta of Aq and A±, respectively, and where Aq, A are 



^Tr(FoiF i) 

the corresponding Lagrange multipliers. Notice the appearance of the third first-class constraint term in ( |84| ) 
instead of the standard non-constraint term ^ Tr £ 2 . Moreover, the total number of first-class constraints in 
( [si] ) exceeds the number of the underlying degrees of freedom. 



5.2 Modified-Measure Version The Case of Closed Strings without Charges 

We will now see that the modified-measure version of Non-Abelian world-sheet gauge fields has a well 
defined dynamics (in contrast to the regular measure case of the previous subsection) provided that the 
theory possesses the ^-extended Weyl symmetry. We consider the following non-Abelian generalization of 
the original bosonic string action with a modified measure ([l6|) (now we take for simplicity G M „ = r\^ v and 
B^u = 0) : 



S = - I d 2 a^)[^ ab d a X^d b X^ - J-^Tr(F ab (A)F cd (A))r c l bd 



^^(^[^W, - -^=^Tr(F 01 (A)F 01 (A)) =- / d 2 a<f(ip)L 



"7 



(85) 
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where F a b(A) is the non-Abelian world-sheet gauge field-strength as in (78). 

Similar to what we have seen in Sec.l, the variation with respect to the measure $ degrees of freedom 
<p l leads to the equation (provided that $ ^ 0): 

lj ab d a X»d b X^ - -^^Tr(F 01 F Q1 ) = M (86) 
2 V~7 

b 



Varying the action (|8^) with respect to 7 we get 

1 



daX^d b X^ - -^=-f ab y/Tr(F 01 F i) = (87) 

Contracting this equation with 7 ab and comparing with ( p6| ) we conclude that again, similar to what has 
been shown in the simpler model of Section 1, M — and we obtain finally: 

1 

2 

daX^dbX^ - lab ]-j cd d c X^d c X^ = (89) 



jr'daX^ObX^ = y/Tr(F iF i) 



2 

Varying the action ( |85| ) with respect to A a we obtain: 

V a £ = d a £ + i\A a ,£]=0 , g = - Fqi (90) 

with £ being the non-Abelian electric field-strength - the canonically conjugated momentum of A\. Accord- 
ingly, Eq.(po|) for a = 1 represents the non-Abelian Gauss law on the world-sheet. Using Eqs.j90|) one can 
easily show: 

= Tr(e W a £) = \d a (Trf 2 ) = \d a (^L) 2 (91) 

i.e., the ratio of the measure densities (the magnitude of the non-Abelian electric field-strength), which plays 
the role of a dynamically generated string tension, is again constant: \£\ = |^=| = const. The equations of 
motion (|9(i| ) , upon using this fact, coincide with the equations ( [sol) (Eqs.(|8l|)-(jS3|) similarly hold). However, 
in contrast to the regular measure version of the theory, now in the context of the modified-measure model 
( |S5| ) we have the equation ( |38| ) which upon substituting the solution @ in y/Tr(F 01 F 01 ) = e f ( T ' a ^TrM% 
determines completely the function f(r,a) in terms of the string solution. 

5.3 Charges, Strings and Classical Mechanism for Confinement 

Classical treatment of strings in the context of the Polyakov approach (with the regular measure density 
allows two possibilities for the string topology: the first one is a closed string where the string tension 
is a constant all over the string; the second possibility is an open string with end-points (and/or ad hoc with 
point-like charges at the end-points). 

In the modified-measure string theory there are more possibilities due to the dynamical mechanism of 
tension generation. In fact, for both cases, i.e., for closed and open strings, one can study models where one 
or more point-like charges Ci, in general non-Abelian "color" ones, are located inside the string^. A simple 
model describing this situation consists of adding to the action (pq) the following interaction term: 



/drr a 
— TriCiAJdn (92) 

where Tj indicate the corresponding proper times. In the simplest case of static "color" charges Cj localized 
at the points CTj, (i — 1, 2, ...), Eq.(|92|) reads: 

Sint,static = - Tr Q J drA (r, cri) (93) 



4 Generically one can consider smooth charge or current distributions along the string. Such more general cases we will study 
elsewhere; see also Apendix. 
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The only changes in the equations of motion, comparing to the equations of the previous subsection, occur 
in Eq.(|90|) which in the axial gauge (A\ — 0) take the form: 



d a £ 



Ci6(<r 



(94) 



with £ as defined in the second Eq.(|9C|). 

Let us first consider the solution of the "Gauss law" Eq. (|3|) in the case with two static point-like (color) 
charges C\ and Ci localized at the points o\ and 01 with u\ < o-i . To get this solution we perform integration 
in (94) over a from some a < o~\ up to some a > a%. Then we obtain: 




for a < o\ 

for <j\ < a < o~% 

for a > (72 



and 



£2 — £\ — C\ 



£3 — £1 — Ci 



(95) 



To realize the physical case of such an open string (no periodic boundary conditions in a are assumed) 
with finite energy we have to consider a finite string which is possible only if £ 1 = £ 3 = 0. Then the charges 
C\ and C2 appears to be the end-points and it follows from (|95|) that: 



Ci + C 2 = and £ 2 = Ci 



(96) 



Therefore, Eq.(|96|) becomes the statement for color confinement of the two point-like charges Ci ("quarks") 
in a colorless "meson-like state" as a result of the variable dynamical tension of the string connecting them. 

In a similar way one can construct a classical string model for baryons. Let us consider a closed string 
parametrized by a (0 < a < 2ir) with three static point-like color charges Ci, C2, C3 localized at the points 



ci, cr 2 , 03, respectively. Then solving Eq.(| 
string tension (90) : 



£(a) = 



where £12, £23, £31 are constants, which implies: 




we obtain for the "chromoelectric" field, i.e., the dynamical 



for <ii = < er < o"2 
for 172 < <7 < 03 
for cr 3 < (7 < 2n 



£12 — £31 — C\ 



£2 



£\2 — C2 



£31 — £2 



C 3 



Summing Eqs.(|98|) we get: 



d + c 2 + c 3 = 



(97) 



(98) 



(99) 



which means that color confinement appears again, now in the case of a "baryon-like" configuration. 

Notice that not only the orientations of £ 12, £23, £31 in color space, but also their magnitude are different 
in general. The last statement follows from the fact that Eq.(^l|) does not hold in the points where the 
charges are located. This means that the charges can be sources of discontinuities of the tension (notice 
that the second equation in ( |90| ) still holds). This is possible here precisely due to the identification of the 
string tension with the ratio of the measure densities ^7= (second Eq.(90)) being also the magnitude of 
the pertinent world-sheet "chromoelectric" field strength. Due to these properties we may call the above 
modified-measure string model with a ^-extended Weyl-invariant non-Abelian world-sheet gauge field action 
( p5| ) a "color" string model. 

The above simple picture of point-like charge confinement via "color" strings can be straightforwardly 
generalized to the case of higher-dimensional branes. Namely, let us consider N non-intersecting "charged" 
closed (p — l)-brancs living on a closed p-brane whose dynamics is governed by the modified-measure brane 
action (39) and ((44|). Let us also recall that the dynamically generated brane tension £ (ci. second Eq.([5l|)) 
obeys the brane "Gauss law" constraint Eq.(|5^). Denoting by £i the constant value of £ in the strip on 
the fixed-time world-hypersurface of the p-brane situated between the (i — l)-th and the i-th "charged" 
(p — l)-branes we find from ( |59| ) : 



i = 0,l,...,N with £ =£_ 



N 



e = e N 



(100) 



13 



Summing up Eqs.( |100[ ) wc find similarly to the string case that the only possible configuration of static 
"charged" closed (p — l)-branes coupled pair-wise via modified-measure p-branes ( |39| ) is the zero-charge one. 

6. Discussion and Conclusions 

We have seen above how modifying the world-sheet (world-volume) measure of integration can signifi- 
cantly affect the implications of string and brane dynamics. First of all, it turns out that to get an acceptable 
dynamics, the corresponding string and brane theories need the introduction of auxiliary world-sheet gauge 
field (world- volume p-form tensor gauge field). Furthermore, the tension of the string or brane is not any 
more a fundamental parameter (i.e., a given ad hoc scale): it is dynamically determined as the magnitude of 
the pertinent gauge field strength and it is proportional to the ratio of the measure densities 7- If no 

charges exist on the world-sheet (world-volume) then for closed strings (branes) the standard Polyakov type 
equations are obtained and the Poisson-bracket algebra of the relevant Hailtonian constraints is the same as 
that of the standard string (brane) theory. The same result holds also for the modified-measure superstring 
model. 

The string tension is identified as the canonically conjugate momentum of the spatial component of the 
auxiliary world-sheet gauge potential, therefore, it assumes the role of an "electric" field strength. The latter 
is shown to obey the "Gauss law" equation. Thus, in the presence of world-sheet charges, the string tension 
can change dynamically. The latter becomes possible since the tension, i.e., the "electric" field strength is 
proportional to the ratio of the measure densities $/^/— 7. In particular, point-like charges living on the 
string can be responsible for discontinuous changes of the string tension. The special case, when the string 
tension changes from a finite value to zero, can be regarded as the formation of an "edge" on the string 
or, equivalently, as a new way of formulating open strings. We have shown that similar results hold also 
for modified-measure theories of p-branes. Namely, p-form (tensor gauge) charges living on the p-brane, in 
particular, lower-dimensional "charged" (p — l)-branes lead to a dynamically changing brane tension. 

Finally, we studied a conformally (Weyl-) invariant modified-measure string theory with non-Abelian 
gauge ("square-root Yang- Mills") field living on the string world-sheet called "color" string. As a result, a 
simple classical mechanism for "color" confinement of point-like "color" charges via "color" strings is proposed 
with the colorlessness of the corresponding composite "hadrons" automatically emerging due to the new 
dynamics inherent in the modified-measure string model. Similar picture of confinement and colorlessness 
arises also for systems of "charged" (p — l)-branes coupled via modified-measure p-branes. 

As a byproduct, it is found that a nice geometrical meaning can be given for the auxiliary string world- 
sheet gauge fields: if these arc of the abelian type, they can represent the world-sheet spin-connection 
associated with the (Abelian in 1 + 1 dimensions) Lorentz group (see Eq.(pT[) above). 

Notice that world-sheet gauge fields have also been considered in the very interesting work |L2|. In the 
latter case, however, a Nambu-Goto approach is employed so that the issue of conformal invariance peculiar 
to the Polyakov formulation is lost. 

Acknowledgements. We want to thank Zvi Bern for useful discussions and encouragement. E.I.G. wants 
to thank the Physics Department at UCLA for its hospitality during the last stages of the research presented 
here. E.N. and S.P. are partially supported by Bulgarian NSF grant F-904/99 and by a travel grant from 
Bulgarian Academy of Sciences. 

Appendix. Strings with a Modified Measure Coupled to World-Sheet Currents 

Let us briefly discuss the case of bosonic strings with a modified world-sheet integration measure coupled 
to an external space-time dilaton field. The pertinent action reads: 




E = 7T, 



■U{X) = const = T 



(102) 
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with 7r Wl being the canonically conjugated momentum of uj\, which brings the action (101) to the form: 



T I d ^l^ ab d a X^ u{x) 



(103) 



i.e., an action describing string motion in a conformally modified extenal space-time background with 
G' (J) = G f lu (X)/U{X). Thus, the model (101) differs significantly from the ordinary Polyakov-type 
string coupled to a dilaton: 



S = -T d 2 a- 



"7 



^"daX^dbX^ + Rh)U(X) 



(104) 



Now, let us consider a generalization of the string model (16) describing the coupling of the bosonic 
modified-measure string through the auxiliary gauge field A a to a conserved world-sheet current e ab d b v 
where v is a world-sheet scalar field: 



S 



d 2 a $(<p) \^f ab d a X»d h X^ + ]p ah d a vd b v - - 



..ab 



"7 



--F ab {A) 



e / d 2 aA a e ab d b v 



Notice that the last term in Eq.(105) can be rewritten in the form: 

^ab 



-jd z aA a - 



"7 



-.d b v 



(105) 



(106) 



which means that by including this term we study a model which belongs to the class of Two Measures 
Theories § (TMT)ff. 

The equations of motion with respect to A a read: 



z ah d h 



"7 







i.e. 



C-ev 



"7 



(108) 



where C is a dynamically generated constant scale. The canonical Hamiltonian treatment of ( |105| ) is com- 
pletely analogous to the simpler case of ([l6]) in Sect. 2. In particular, for the auxiliary "electric" field strength 
we obtain: 



TT Al = E = 



"7 



E + ev = C 



(109) 



(cf. Eq.(|108|)) and the canonical Hamiltonian becomes: 



H = — 



1 



^ 7 oo 2 



\-V 2 + E {d a X) 2 + i fa + eA{f + E {d a vf 
hi hi 



, oo 



V^X" + (Tr v + eA 1 )d a v (110) 



We have skipped in (11C ) the linear combination of the rest of the primary ( p8[ ) and secondary ( |32| ) constraints 
which remain unaltered by the presence of the new field v except for the "Gauss law" constraint which now 
reads (cf. jlQ9|) ) : 

d a (E + eu)=0 (111) 



One can check that the basic constraints entering (11C) span again a closed Poisson-bracket algebra which 
this time involves also the "Gauss law" constraint (111) and the following variable string tension equal to 
the world-sheet "electric" field ( |l09| ) : 

T = E = C-ev (112) 



3 In D-dimensional space-time the action has generically the form: 



d D x<3>(tp)L 1 + / d D xJ^L 2 



(107) 



where the Lagrangian densities L\ and L2 are independent of the degrees of freedom ip 1 building up $. 
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